Abstract. In this paper we present the proof of the existence of symbolic dynamics for third iterate of the Rössler map. We combine an abstract topological results based on the fixed point index and covering relations with computer assisted rigorous computations.
Introduction
In this paper we are interested in the Rössler map R = (R 1 , R 2 ) :
given by (1.1) R 1 (x, y) = 3.8x(1 − x) − 0.1y, R 2 (x, y) = 0.2(y − 1.2)(1 − 1.9x).
This two-dimensional "walking-stick diffeomorphism" was introduced in [6] as a simplicification of Poincaré cross section of the Rössler differential equatioṅ x = −y − z,ẏ = x + 0.25y + w, z = 3 + xz,ẇ = −0.5z + 0.05w.
In the numerical simulations of discrete dynamical system induced by (1.1) one observes the attracting set (see Figure 1 ) with very rich and chaotic dynamics. By Devaney's definition [3] the map is chaotic if and only if it is topologically transitive and if the set of periodic points for this map is dense. In this paper we show the existence of the periodic points of an arbitrary period. Moreover, we prove the existence of symbolic dynamics on three symbols. We use computer only to rigorously verify some inclusions. The proof of the main theorems is given in Section 4. In Section 5 we discuss the topological entropy of the Rössler map.
Main result
We will use the following standard notations and definitions. Let (X, ρ) be a metric space. For any Z ⊂ X by int(Z), cl(Z), bd(Z), we denote the interior, closure and the boundary of the set Z respectively.
For a map f : X → X and N ⊂ X, we denote by Inv(f, N ) the maximal invariant part of N , i.e.
Z is a topological space with Tichonov topology [4] . We consider the shift map σ :
It is easy to see that σ(Σ A ) = Σ A and σ : Σ A → Σ A is a well defined homeomorphism. We denote by N 0 , N 1 , N 2 parallelograms on the plane R 2 given by (1) There exists a continuous projection π :
Moreover, the preimage of any periodic sequence contains a periodic point for R 3 with the same period.
(2) For any n ≥ 1 there exists a periodic point for R 3 of the basic period n.
Theorem 2.2. There exists a continuous projection
Moreover, the preimage of any periodic sequence contains a periodic point for R 6 with the same period.
Topological tools
The proof of the main theorems is based on fixed point index and covering relations, which were introduced in [8] and [9] .
of closed subsets of R 2 satisfying the following properties:
(1) |N | is a parallelogram, N l and N r are half-planes, A typical t-set is presented in Figure 2 . The definition of the triple set is in fact too restrictive. We can take any t-set homeomorphic to this definition.
Let f : R 2 → R 2 be a map, and N , M be triple sets. 
and
The next theorem plays a significant role in the proof of Theorems 2.1 and 2. 
Then, there exists the point x
∈ int|M 0 | such that f k (x) ∈ int|M k |, for k = 1, . . . , n and x = f n (x). N M f (N re ) f (N le )
Proofs
Given triple sets
Definition 4.1. The transition matrix T ij , i, i = 1, . . . , n is defined as follows: 
Proof. The set Σ T inherits the topology from Σ n . First of all, we prove that π is continuous. Let Since f is a homeomorphism, we have
To prove (4.3) let us observe (see [7, Theorem 5.12] ) that the set of periodic sequences Per(Σ T ) is dense in Σ T . By Theorem 3.3 Per(Σ T ) ⊂ π (Inv(f, M ) ). By continuity of π we have the compactness of π (Inv(f, M ) ), hence (Inv(f, M ) ).
With computer assistance we proved Lemma 4.4. We have the following covering relations
Proof. We implemented our algorithm in Borland C++. Rigorous numerical computations and round-off errors (see [5] ) will not be presented in this paper.
All required inclusions were checked on the Intel Celeron 333A processor within less than 1 second.
Proof of Theorem 2.1. The first assertion is a direct consequence of Lemmas 4.4 and Lemma 4.3. To prove the second assertion, using Lemma 4.4, one can observe that the following covering relations hold:
From (4.7)-(4.9) and Theorem 3.3 we obtain the periodic points for R 3 of basic period 1, 2, 3. If we combine (4.7) with (4.9) we have periodic points for R 3 of every period n ≥ 4.
Proof of Theorem 2.2. . Let us observe that Lemma 4.4 implies
Now, Theorem 2.2 is a simply consequence of Lemma 4.3.
Topological entropy
Let f : X → X be a continuous function on a compact metric space. By h(f ) we denote the topological entropy of f . For any invariant set S ⊂ X we have 
